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ABSTRACT: We recently developed an adiabatic theory for cold molecular collision
experiments. In our previous application of this theory (Pawlak, M.; et al. J. Chem.
Phys. 2015, 143, 074114), we assumed that during the experiment the collision of an
atom with a diatom takes place when the diatom is in the ground rotational state and
is located in a plane. In this paper, we present how the variational approach of the
adiabatic theory for low-temperature collision experiments can be used for the study
a 5D collision between the atom and the diatomic molecule with no limitations on its
rotational quantum states and no plane restrictions. Moreover, we show here the
dramatic diﬀerences in the measured reaction rates of He(23S1) + ortho/para-H2 →
He(1s2) + ortho/para-H+2 + e− resulting from the anisotropic long-range interactions
in the reaction. In collisions of metastable helium with molecular hydrogen in the ground rotational state, the isotropic potential
term dominates the dynamics. When the collision is with molecular hydrogen in the ﬁrst excited rotational state, the nonisotropic
interactions play an important role in the dynamics. The agreement of our results with the latest experimental ﬁndings (Klein, A.;
et al. Nat. Phys. 2017, 13, 35−38) is very good.

■

INTRODUCTION
The adiabatic approach has a long history in the theory of van
der Waals complexes and molecular scattering. It goes back at
least to the “best local” approximation developed in a spaceﬁxed formulation by Levine et al.1−3 Later, it was rederived
using body-ﬁxed coordinates by Holmgren et al.4 Recently,
inspired by the latter work, we developed an adiabatic theory
for anisotropic cold collisions of slow atoms with cold diatomic
molecules using well-known perturbational and variational
techniques.5 Within the framework of adiabatic variational
theory (AVT), couplings between diﬀerent angular momentum
states (associated with diatomic and with atom−diatom relative
rotations) and diﬀerent angular momentum projection states
during an experiment are taken into consideration. It provides
us with physical insight into dynamics of reactions and enables
us to study the role of anisotropy. The eﬀect of anisotropy in
cold atom−molecule collisions via quantum scattering resonances has just been experimentally observed.6 It was found
that a low-energy resonance (below 1 K) takes place in the
measured Penning ionization reaction between metastable
helium and molecular hydrogen only in the rotational excited
state. Consequently, by changing the molecular rotational state,
one can turn the anisotropy of the atom−molecule interaction
on/oﬀ.
In order to understand the experimental excited atom−
molecule collision results, one can carry out calculations within
the framework of quantum defect theory.7−10 A more accurate
© 2017 American Chemical Society

approach is based on sophisticated and rigorous, but more
time-consuming, quantum-mechanical scattering calculations.6,11−15 In turn, the conventional variational approach
including all internal degrees of freedom provides an extremely
large Hamiltonian matrix that has to be diagonalized. Our
method, similarly to ref 16, reduces the complexity without
losing essential physics and signiﬁcantly enhances the computational eﬃciency even several orders of magnitude. The ﬁve
degrees of freedom problem, where the bond length in the
diatomic molecule is kept ﬁxed and all rotations are included, is
replaced with a set of uncoupled one-dimensional subproblems.
In this paper, we present how to use AVT for cold collision
experiments when not all products are in ground states. We
apply the theory to calculate the Penning ionization reaction
rates of the excited metastable helium atom with ortho-H2 (oH2) as well as with para-H2 (p-H2) and compare them with the
recent cutting-edge experimental ﬁndings.6 Moreover, we do
not limit the rotation of the molecule to a plane as we did in
our previous application of AVT for He(23S1)−HD in the
rotational ground state.5 Note that the restriction of the
dynamics to be in a plane might introduce artiﬁcial structures in
the cross sections (see, for example, the study of the collision
between a hydrogen atom and an Ar−Cl complex in ref 17).
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rather than solving the Schrö dinger equation for large
Hamiltonian matrix, we solve many times the Schrödinger
equation for relatively small Hamiltonian matrices.
According to AVT that we presented in ref 5, the
Hamiltonian in the matrix form is given by

We clearly show here that the isotropic part of the interaction
dominates the dynamics when molecular hydrogen is in the
rotational ground state. When the diatom is rotationally excited,
the strong anisotropic eﬀect occurs, causing the appearance of a
new resonance in the millikelvin regime in the collisional
reaction rate.

■

ℏ2 ∂ 2
var
δα ′ , α + Vαvar′ , α(R )
Ĥ α ′ , α = −
2μA/M ∂R2

THEORY
We study the Hamiltonian for collision an atom (A) with a
two-nuclear molecule (M) in the form

(5)

where

2
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+ V (R , θ) ψα
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(6)

where μA/M is the reduced mass of the complex, μM is the
reduced mass of the diatom, three components of R⃗ = (R, θ1,
ϕ1) point to the atom from the center of mass of the diatom,
dR⃗ = sin θ1 dR dθ1 dϕ1, and the angles θ2 and ϕ2 show the
orientation of the molecular axis in the same laboratory
coordinate frame. For simplicity, we consider the diatomic
molecule to be a rigid rotor; thus, the distance between nuclei r
is ﬁxed. The intermolecular potential expanded in Legendre
polynomials is as follows4,18
V (R , θ ) =

and

1
V var = V0(R )I + V1(R )A + V2(R ) (3B − I)
2
1
1
+
C+
D
2μA/M R2
2μM r 2

(9)

where I stands for a unity matrix and

(2)

The angle θ between R⃗ and the molecular axis can be expressed
in terms of the angles θ1, ϕ1, θ2, and ϕ25
cos[θ(θ1 , ϕ1 , θ2 , ϕ2)] = cos θ1 cos θ2
+ sin θ1 sin θ2 cos ϕ1 cos ϕ2

Aα ′ , α = ⟨ψα ′|cos θ|ψα⟩

(10)

Bα ′ , α = ⟨ψα ′|cos2 θ|ψα⟩

(11)

2
Cα ′ , α = ⟨ψα ′|L̂ (θ1 , ϕ1)|ψα⟩

(12)

2

(3)

Dα ′ , α = ⟨ψα ′|L̂ (θ2 , ϕ2)|ψα⟩

We use products of spherical harmonics as basis functions5,12
2

(8)

2

Hence, by substituting eqs 2 and 4 into eq 6, one gets

1
≅ V0(R ) + V1(R ) cos θ + V2(R ) (3 cos2 θ − 1)
2

1

2
L̂ (θ2 , ϕ2)Yj , m2(θ2 , ϕ2) = ℏ2j2 (j2 + 1)Yj , m2(θ2 , ϕ2)

1

2

k

ψα(θ1 , ϕ1 , θ2 , ϕ2) = Yj , m1(θ1 , ϕ1)Yj , m2(θ2 , ϕ2)

(7)

1

∑ Vk(R)Pk(cos θ)

+ sin θ1 sin θ2 sin ϕ1 sin ϕ2

2
L̂ (θ1 , ϕ1)Yj , m1(θ1 , ϕ1) = ℏ2j1 (j1 + 1)Yj , m1(θ1 , ϕ1)

(13)

All above matrix elements can be calculated based on our
analytical expressions presented in the Supporting Information.
Here, the rotation of the molecule is not limited to a plane as it
was in ref 5. Because j1 is varied from 0 to j(1)
max and m1 = 0, ±1,
..., ±j1, and similarly for j2, the dimension of the matrix Vvar is
2 (2)
2
(1)
2 (2)
2
[(j(1)
max + 1) (jmax + 1) ] × [(jmax + 1) (jmax + 1) ].
As noted above, the basis set (eq 4) gives all diﬀerent
uncoupled solutions associated with the diﬀerent values of J and
M (the standard Clebsch−Gordan coeﬃcients are used as the
coeﬃcients in the linear combination of the primitive basis
functions to ensure that the total angular momentum and its
projection on the z-axis are conserved). Within the framework
of AVT, the Hamiltonian is as follows5

(4)

where α denotes a superindex containing quantum numbers j1,
m1, j2, m2 (j1 = 0, 1, ..., j(1)
max; m1 = −j1, −j1 + 1, ..., j1 − 1, j1; j2 = 0,
1, ..., j(2)
max; m2 = −j2, −j2 + 1, ..., j2 − 1, j2). We expect our
solutions to conserve the total angular momentum J ̂ and its
projection on the z-axis M̂ . Note that we do not limit the
calculations to speciﬁc J and M states, although it is clear that
during every one of the collisions J and M are conserved. The
reason that we do not limit ourselves to a speciﬁc value of J and
M is due to the fact that in the experiments for any value of J all
possible M states are populated. Moreover, for any given
collision energy in the calculations of the cross section (e.g., for
the Penning ionization reaction), we should take into
consideration all possible J states. Thus, there is no need to
make the calculations more expensive by construction of the
Clebsch−Gordan coeﬃcients, which guarantee that a collision
between the atom and the diatom takes place when the two
quantum numbers J and M are conserved. The conservation of
J and M as two good quantum numbers is embedded in the
structure of the potential (i.e., includes the angle θ between R⃗
and the molecular axis) even when we do not use the Clebsch−
Gordan coeﬃcients to construct our basis set. As we will
explain below within the framework of the adiabatic approach

AVT
ℏ2 ∂ 2
+ V αad(R )
/̂ α = −
2μA/M ∂R2

(14)

var
where Vad
(eq 9) and α =
α (R) are eigenvalues of the matrix V
(1)
2 (2)
2
1, 2, ..., (jmax + 1) (jmax + 1) . As we pointed out in our earlier
5

paper, the eﬀective potentials have to be ordered such that for
ad
any value of R, Vad
α (R) < Vα+1(R). The AVT is applicable when
the potential curves are smooth and no avoided crossings are
observed. Moreover, this theory holds when the strength of the
anisotropy is smaller as compared with the molecular rotational
constant.
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In order to ﬁnd out and explain eﬀects in atom−diatom
collision processes occurring during the experiment, one can
carry out rigorous quantum calculations over all internal
degrees of freedom. By assuming the stiﬀness of the molecule,
there are ﬁve independent coordinates θ1, ϕ1, θ2, ϕ2, and R.
The size of the matrix in the conventional variational approach
is extremely large. For example, let us assume 1000 primitive
basis functions19−21 for R and j1 = 0, ..., 10; m1 = −j1, ..., j1; j2 =
0, ..., 3; m2 = −j2, ..., j2; the total matrix size is equal to about
2 000 000 × 2 000 000. Our method reduces the complexity of
the considered problem without losing essential physics and
greatly enhances the computational eﬃciency. We have to
diagonalize many times (e.g., 500) the matrix Vvar, varying R,
which is treated as a parameter, and then solve α uncoupled
Schrödinger equations of R only (with Hamiltonians given in
eq 14). The typical time computational complexity for
diagonalizing is O(n3). It means that our method is roughly
(2 × 106)3/[500 × 20003 + 2000 × 109] ≈ 1.3 million times
faster with respect to the full variational approach. The gain for
j1 = 0, ..., 12 and j2 = 0,1 is about 0.4 million.

the phase shift as done for nondecaying processes, although the
potential that we use is complex due to the Penning ionization.
This approximation holds only when the decay rate is
suﬃciently small.
The radial interaction potentials, {Vk(R)}k=0,2, are taken from
refs 23−25, where V0 is complex and V2 is real. These were
obtained from supermolecular unrestricted coupled cluster
singles and doubles with noniterative triples correction
computations (UCCSD(T)).23−25 The imaginary decay part
was calculated using the ab initio Fano algebraic-diagrammatic
construction method; see details in ref 24. The potential curves
are presented in Figure 1. It should be noted that for the

■

APPLICATION OF THE AVT FOR THE COLD
COLLISION EXPERIMENT
We have applied our theory to calculate the Penning ionization
reaction rate of the excited metastable helium atom and the H2
molecule and compared it with recent experimental measurements6
He* + o‐H 2 /p‐H 2 → He + o‐H+2 /p‐H+2 + e−

Figure 1. Isotropic and anisotropic radial interaction potential terms of
4
He(23S1) with molecular hydrogen, V0 and V2, respectively, scaled by
a factor of 1.205. The potential energy surface is in the form V(R, θ) ≅
V0(R) + V2(R)(3 cos2 θ − 1)/2.

(15)

where He* denotes 4He(23S1). Note that the hydrogen
molecule comes in two conﬁgurations: p-H2 and o-H2. Due
to symmetry reasons, the p-H2 possesses only even rotational
states, while o-H2 has only odd ones. In a supersonic expansion,
hydrogen is cooled to the lowest rotational state with an ortho/
para ratio of 3/1. At low temperatures, j2 = 0 and j2 = 1 states
are the only two states that matter.
The total cross section within the framework of AVT is
deﬁned as
σ jtotal(k) =
2

1
π
2j2 + 1 k 2

collision of an atom with a homonuclear diatomic molecule,
V1(R) = 0 because V(R, θ) = V(R,−θ). Consequently, there is
no coupling between para states and ortho states. In other
words, the potential matrix elements do not vanish when |Δj2|
is equal to an even number; see the Supporting Information.
Figure 2 demonstrates the eigenvalues of the potential matrix
Vvar(R) providing two families of eﬀective one-dimensional
potentials (adiabats) Vad
α (R) for application for the collision of a
metastable helium atom and the H2 molecule computed for j(1)
max
= 12 and j(2)
max = 1. No avoided crossings are observed.
When the interaction potential is isotropic, j1 and j2 are good
quantum numbers. In turn, when the anisotropy of the
potential starts playing a role, the degeneracy of the (j1, j2)
levels is liftedthe levels split into sublevels J = |j1 − j2|, ..., j1 +
j2.26 Here, we observe both situations. The former case
correlates with j2 = 0 (para), whereas the latter one corresponds
to j2 = 1 (ortho); see Figure 2. It clearly shows that the
anisotropic eﬀect appears for diatoms in a rotationally excited
state. This holds only when the strength of the anisotropy is
smaller as compared with the molecular rotational constant.
The same conclusions of the role of anisotropy were recently
presented based on state-of-the-art ab initio theory and closecoupling quantum scattering calculations.6
We performed calculations, as mentioned above, for j(1)
max = 12
(i.e., j1 = 0, 1, ..., 12) and j(2)
=
1
(i.e.,
j
=
0,
1).
We
chose
max
2
postselected states asymptotically corresponding to j2 = 0 and j2
= 1 in order to calculate the Penning ionization reaction rates
(ℏk/μA/M)σtotal
for He*−p-H2 and He*−o-H2, respectively. It
j2
should be pointed out that we considered in this paper the
general case (5D problem) and did not assume ϕ2 = 0 as we

∑ σαAVT(k)
αj

j2

(16)

2

where
σαAVT
(k) = 1 − exp( −4Im δαAVT
)
j
j
2

2

2

(17)

2

k = 2μA/ME/ℏ , E is the relative energy between the colliding
atom and the molecule (the collision energy), and δαj2AVT is the
complex phase shift. The superindex αj2 refers to the case where
postselected states asymptotically correspond to speciﬁc j2
(rotational state of the molecule). Equation 16 is obtained by
generalization of the expression derived by using the optical
theorem as shown in ref 22, where in our case the couplings
between diﬀerent angular momentum states and diﬀerent
angular momentum projection states are included.
The interaction potential was scaled, similarly as was done in
refs 5 and 23, by a factor to ﬁt the calculated cross section to
the experimental results. By taking a factor of 1.205, we
increased the potential well depth, obtaining reasonable
agreement with the experimental data in terms of the position
of the major resonance peak. On the one hand, it is because the
ab initio calculations for the potential are not of high enough
precision. On the other hand, the cross section is calculated for
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j(2)
max > 1, some matrix elements do not vanish; however, the
contribution of the anisotropic term with V2(R) is very small
and can be neglected. Thus, the total cross section as well as the
reaction rate of the excited helium atom and the hydrogen
molecule in the ground rotational state can be computed
accurately enough using the expression for the isotropic radial
interaction potential V0(R).
Figure 4 presents the reaction rate between He* and o-H2 (j2
= 1) with and without potential term V2(R)(3 cos2 θ − 1)/2.

Figure 4. Comparison of theoretical (curves) and experimental6
(points with error bars) reaction rates [(ℏk/μA/M)σjtotal
] of 4He(23S1)
2=1
with H2 in the ﬁrst excited rotational state (j2 = 1). The calculations
(2)
were performed for j(1)
max = 12 and jmax = 1 where the isotropic and
anisotropic radial interaction potentials, V0 and V2, respectively, were
included (solid black curve) and the isotropic radial interaction
potential, V0, was only included (dashed red curve).

Figure 2. Eigenvalues of the potential matrix Vvar (eq 9) as a function
(2)
of R computed for j(1)
max = 12 and jmax = 1. The adiabats asymptotically
coincide with a speciﬁc rotational state of the hydrogen molecule. The
lowest eigenvalue for para is nondegenerate and corresponds to J = 0,
M = 0 (j1 = 0, j2 = 0); the second eigenvalue from the bottom is three
times degenerate and corresponds to J = 1, M = −1, 0, 1 (j1 = 1, j2 =
0); the next eigenvalue is ﬁve times degenerate and corresponds to J =
2, M = −2, −1, 0, 1, 2 (j1 = 2, j2 = 0); and so forth. In the case of ortho,
j1 and j2 are not good quantum numbers. The degeneracy of the (j1, j2)
levels is lifted under the inﬂuence of the anisotropy of the potential
energy surface.

The low-temperature peak in the reaction rate is missed when
the only leading isotropic term in the Legendre polynomial
expansion of the interaction potential (eq 2) between the
reactants is taken into consideration. Here, there are nonzero
matrix elements of (3B − I) in eq 9 corresponding to j2 = 1
even when j(2)
max = 1. Only lower-energy resonance is sensitive
toward anisotropy of the potential energy surface. The higherenergy resonance is located at large internuclear separation
where anisotropy is negligible. The agreement with experiment
is excellent provided that the anisotropic (orientation-dependent) part of the interaction potential is included in calculations.

did in the previous application of the AVT for He*−HD in the
rotational ground state in ref 5. The reaction rate results of He*
with p-H2 (j2 = 0) using our approach are demonstrated in
Figure 3 together with the new experimental measurements
presented in ref 6. As one can see, we obtained very good
agreement with the merged beam experiment. In the
calculations, all matrix elements of (3B − I) in eq 9
corresponding to j2 = 0 when j(2)
max = 1 are zero. If we take

■

SUMMARY
We have presented here an application of simple AVT that we
recently developed5 for cold anisotropic atom−diatom
collisions where the anisotropy is small compared with the
rotational constant of the molecule. In our approach, the
diatom is treated as a rigid rotor and all rotations are included.
We have demonstrated how this theory can be applied to
investigations of cold Penning ionization reactions of the
excited triplet helium atom and molecular hydrogen (ortho/
para). Our results are in remarkable agreement with the latest
experimental ﬁndings.6 Moreover, the use of adiabatic theory
for cold molecular collisions not only simpliﬁes the calculations
by reducing the computational eﬀorts even by several orders of
magnitude but also enlightens the reason for the diﬀerences
and similarities between the measured reaction rates for the
collision pairs He*−p-H2 and He*−o-H2 at subkelvin temperatures. One of the peaks (the higher-energy resonance) in the
reaction rate results from the isotropic radial interaction term in
the potential, whereas the other one (the lower-energy
resonance) results from the anisotropic interactions that exist
only when a metastable helium atom collides with orthohydrogen. In summary, our results clearly show how dramatic

Figure 3. Comparison of theoretical (solid curve) and experimental6
(points with error bars) reaction rates [(ℏk/μA/M)σjtotal
] of 4He(23S1)
2=0
with H2 in the ground rotational state (j2 = 0). The calculations were
(2)
performed for j(1)
max = 12 and jmax = 1.
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(18) González-Martínez, M. L.; Hutson, J. M. Ultracold Atom−
Molecule Collisions and Bound States in Magnetic Fields: Tuning
Zero-Energy Feshbach Resonances in He−NH (3Σ−). Phys. Rev. A: At.,
Mol., Opt. Phys. 2007, 75, 022702.
(19) Pawlak, M.; Bylicki, M. Stark Resonances of the Yukawa
Potential: Energies and Widths, Crossings and Avoided Crossings.
Phys. Rev. A: At., Mol., Opt. Phys. 2011, 83, 023419.
(20) Pawlak, M.; Moiseyev, N.; Sadeghpour, H. R. Highly Excited
Rydberg States of a Rubidium Atom: Theory versus Experiments. Phys.
Rev. A: At., Mol., Opt. Phys. 2014, 89, 042506.
(21) Pawlak, M.; Moiseyev, N. Light-Induced Conical Intersection
Effect Enhancing the Localization of Molecules in Optical Lattices.
Phys. Rev. A: At., Mol., Opt. Phys. 2015, 92, 023403.
(22) Siska, P. E. Molecular−Beam Studies of Penning Ionization. Rev.
Mod. Phys. 1993, 65, 337.
(23) Lavert-Ofir, E.; Shagam, Y.; Henson, A. B.; Gersten, S.; Kłos, J.;
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the eﬀect of anisotropy is in cold/ultracold molecular processes.
We believe that the AVT for calculating cross sections can be
successfully used for studying low-energy collision reactions
when other types of ionization take place, such as the Auger
eﬀect or interatomic (intermolecular) coulombic decay27,28
(and not only the Penning ionization, as in the presented case).
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